We calculate the next-to-next-to-next-to-leading-order (N 3 LO) QCD corrections to inclusive vector-boson fusion (VBF) Higgs production at proton colliders, in the limit in which there is no colour exchange between the hadronic systems associated with the two colliding protons. We also provide differential cross sections for the Higgs transverse momentum and rapidity distributions. We find that the corrections are at the 1−2 level, well within the scale-uncertainty of the next-to-nextto-leading-order (NNLO) calculation. The associated scale-uncertainty of the N 3 LO calculation is typically found to be below the 2 level. We also consider theoretical uncertainties due to missing higher order parton distribution functions, and provide an estimate of their importance.
Since the discovery of the Higgs boson [1, 2] , the LHC has commenced a program of precision studies of its properties. Higgs production through vector-boson fusion (VBF), shown in figure 1, is a key process for precision measurements of properties of the Higgs boson [3] , as it is a clean channel with very distinctive kinematics, due to its t-channel production and to the presence of two high rapidity jets in the final state. These features provide an ideal access for the intricate measurements of the Higgs couplings [4] . Currently the VBF production signal strength has been measured with a precision of about 24% [5] , though significant improvements can be expected during run 2 and with the high luminosity LHC. In order to experimentally determine the properties of the Higgs boson it is crucial to have very precise theoretical predictions for cross sections. The inclusive cross section for VBF Higgs production is known to next-tonext-to-leading order (NNLO) [6, 7] in the structure function approach, in which VBF-induced Higgs production is treated as a double deep-inelastic scattering (DIS) process [8] . This calculation found NNLO corrections of about 1% and renormalisation and factorisation scale uncertainties at the 5 level. Recently, the fully differential NNLO QCD corrections in VBF Higgs production have been computed [9] . These where found to be significant after typical VBF cuts, with corrections up to 10-12% in certain kinematical regions. The calculation also showed no significant reduction in the associated scale uncertainties compared to the scale uncertainty at next-to-leadingorder (NLO).
The structure function approximation is known to be very accurate for VBF, because non-factorisable colour exchanges are both kinematically and colour suppressed, such that they are expected to contribute to less than 1% of the cross section [7, 10, 11] . This approach is exact in the limit in which one considers that there are two identical copies of QCD associated with each of the two protons (shown orange and blue in figure 1), whose interaction is mediated by the weak force.
In this letter we compute the next-to-next-to-next-toleading order (N 3 LO) QCD corrections to the inclusive cross section in the structure function approach. This calculation provides the second N 3 LO calculation for processes of relevance to the LHC physics program, after a similar accuracy was recently achieved in the gluon-gluon fusion channel [12] . It represents an important milestone towards achieving a fully differential N 3 LO calculation with the projection-to-Born method [9] . We also provide an estimate of contributions to the cross section from missing higher order parton distribution functions (PDFs) as these are currently only known at NNLO.
In the structure function approach the VBF Higgs production cross section is calculated as a double DIS process and can thus be expressed as [8] 
Here G F is Fermi's constant, m V is the mass of the vector boson, √ s is the collider centre-of-mass energy, ∆ 
where we definedP i,µ = P i,µ − Pi·qi q 2 i q i,µ , and the
2 ) functions are the standard DIS structure functions with i = 1, 2, 3 and V = Z, W − , W + . From the knowledge of the vector-boson momenta q i , it is straightforward to reconstruct the Higgs momentum. As such, the cross section obtained using equation (1) is differential in the Higgs kinematics.
In order to compute the N n LO cross section, we require the structure functions F V i up to order O(α n s ) in the strong coupling constant. We express the structure functions as convolutions of the PDFs with the short distance coefficient functions
All the necessary coefficient functions are known up to third order. 1 To compute the N 3 LO VBF Higgs production cross section, one can therefore evaluate the convolution of the PDF with the appropriate coefficient functions in equation (3) . At N 3 LO, additional care is required due to the appearance of new flavour topologies [14] . As such, contributions corresponding to interferences of diagrams where the vector boson attaches on different quark lines are to be set to zero for charged boson exchanges.
To compute the dependence of the cross section on the values of the factorisation and renormalisation scales, we use renormalisation group methods [15] [16] [17] , and evaluate the scale dependence to third order in the coefficient functions as well as in the PDFs. The running of the coefficient functions can be obtained using the first two terms in the expansion of the beta function. To obtain the dependence of the PDFs on the factorisation scale, we integrate the parton density evolution equation. For completeness, the technical details of this procedure are given in the supplemental material of this letter [18] .
There is one source of formally N 3 LO QCD corrections appearing in equation (3) which is currently unknown, namely missing higher order terms in the determination of the PDF. Indeed, while one would ideally calculate the N 3 LO cross section using N 3 LO parton densities, only NNLO PDF sets are available at this time. These will be missing contributions from two main sources: from the higher order corrections to the coefficient functions that relate physical observables to PDFs; and from the higher order splitting functions in the evolution of the PDFs.
To evaluate the impact of future N 3 LO PDF sets on the total cross section, we consider two different approaches. A first, more conservative estimate, is to derive the uncertainty related to higher order PDF sets from the difference at lower orders, as described in [19] (see also [20] ). We compute the NNLO cross section using both the NLO and the NNLO PDF set, and use their difference to extract the N 3 LO PDF uncertainty. We find in this way that at 13 TeV the uncertainty from missing higher orders in the extractions of PDFs is
Because the convergence is greatly improved going from NNLO to N 3 LO compared to one order lower, one might expect this to be rather conservative even with the factor half in equation (4) . Therefore, we also provide an alternative estimate of the impact of higher orders PDFs, using the known N 3 LO F 2 structure function. We start by rescaling all the parton distributions using the F 2 structure function evaluated at a low scale Q 0 .
In practice, we will use the Z structure function. We then re-evaluate the structure functions in equation (3) using the approximate higher order PDF given by equation (5) . This yields
where in the last step, we used Q 0 = 8 GeV and considered 13 TeV proton collisions. By calculating a rescaled NLO PDF and evaluating the NNLO cross section in this way, we can evaluate the ability of this method to predict the corrections from NNLO PDFs. We find that with Q 0 = 8 GeV, the uncertainty estimate obtained in this way captures relatively well the impact of NNLO PDF sets.
The rescaled PDF sets obtained using equation (5) will be missing N 3 LO corrections from the evolution of the PDFs in energy. We have checked the impact of these terms by varying the renormalisation scale up and down by a factor two around the factorisation scale in the splitting functions used for the PDF evolution. We find that the theoretical uncertainty associated with missing higher order splitting functions is less than one permille of the total cross section. Comparing this with equation (6), it is clear that these effects are numerically subleading, suggesting that a practical alternative to full N 3 LO PDF sets could be obtained by carrying out a fit of DIS data using the hard N 3 LO matrix element. We leave a detailed study of this question for future work. The uncertainty estimates obtained with the two different methods described by equations (4) and (6) is shown in figure 2 as a function of center-of-mass energy, and for a range of Q 0 values.
One should note that the uncertainty estimates given in equations (4) and (6) do not include what is usually referred to as PDF uncertainties. While we are here calculating missing higher order uncertainties to NNLO PDF sets, typical PDF uncertainties correspond to uncertainties due to errors on the experimental data and limitations of the fitting procedure. These can be evaluated for example with the PDF4LHC15 prescription [21] , and are of about 2% at 13 TeV, which is larger than the corrections discussed above. One can also combine them with α s uncertainties, which are at the 5 level.
Let us now discuss in more detail phenomenological consequences of the N 3 LO corrections to VBF Higgs production. We present results for a wide range of energies in proton-proton collisions. The central factorisation and renormalisation scales are set to the squared momentum of the corresponding vector boson. To estimate missing higher-order uncertainties, we use a seven-point scale variation, varying the scales by a factor two up and down while keeping 0.5 < µ R /µ F < 2
where ξ µ R , ξ µ F ∈ 1 2 , 1, 2 and i = 1, 2 corresponds to the upper and lower hadronic sectors.
Our implementation of the calculation is based on the inclusive part of proVBFH which was originally developed for the differential NNLO VBF calculation [9] . We have used the phase space from POWHEG's two-jet VBF Higgs calculation [22] . The matrix element is derived from structure functions obtained with the parametrised DIS coefficient functions [13, 14, 16, [23] [24] [25] [26] [27] [28] [29] , evaluated using HOPPET v1.2.0-devel [30] . For our computational setup, we use a diagonal CKM matrix with five light flavours ignoring top-quarks in the internal lines and final states. Full Breit-Wigner propagators for the W , Z and the narrow-width approximation for the Higgs boson are applied. We use the PDF4LHC15 nnlo mc PDF [21, [31] [32] [33] and four-loop evolution of the strong coupling, taking as our initial condition α s (M Z ) = 0.118. We set the Higgs mass to M H = 125.09 GeV, in accordance with the experimentally measured value [34] . Electroweak parameters are obtained from their PDG [35] values and tree-level electroweak relations. As inputs we use M W = 80.385 GeV, M Z = 91.1876 GeV and G F = 1.16637 × 10 −5 GeV −2 . For the widths of the vector bosons we use Γ W = 2.085 GeV and Γ Z = 2.4952 GeV.
To study the convergence of the perturbative series, we show in figure 3 the inclusive cross section obtained at 13 TeV with µ R = µ F = ξQ for ξ ∈ [1/4, 4]. Here we observe that at N 3 LO the scale dependence becomes extremely flat over the full range of renormalisation and factorisation scales. We note that similarly to the results obtained in the the gluon-fusion channel [12] , the convergence improves significantly at N 3 LO, with the N 3 LO prediction being well inside of the NNLO uncertainty band, while at lower orders there is a pattern of limited overlap of theoretical uncertainties.
In figure 4 (left), we give the cross section as a function of center-of-mass energy. We see that at N 3 LO the convergence of the perturbative series is very stable, with corrections of about 1 on the NNLO result. The scale uncertainty is dramatically reduced, going at 13 TeV from 7 at NNLO to 1.4 at N 3 LO. A detailed breakdown of the cross section and scale uncertainty obtained at each order in QCD is given in table I for √ s = 13, 14 and 100 TeV.
The center and right plots of figure 4 show the Higgs transverse momentum and rapidity distributions at each order in QCD, where we observe again a large reduction of the theoretical uncertainty at N 3 LO. A comment is due on non-factorisable QCD corrections. Indeed, for the results presented in this letter, we have considered VBF in the usual DIS picture, ignoring diagrams that are not of the type shown in figure 1. These effects neglected by the structure function approximation are known to contribute less than 1% to the total cross section at NNLO [7] . The effects and their relative corrections are as follows:
• Gluon exchanges between the upper and lower hadronic sectors, which appear at NNLO, but are kinematically and colour suppressed. These contributions along with the heavy-quark loop induced contributions have been estimated to contribute at the permille level [7] .
• t-/u-channel interferences which are known to contribute O(5 ) at the fully inclusive level and O(0.5 ) after VBF cuts have been applied [10] .
• Contributions from s-channel production, which have been calculated up to NLO [10] . At the inclusive level these contributions are sizeable but they are reduced to O(5 ) after VBF cuts.
• Single-quark line contributions, which contribute to the VBF cross section at NNLO. At the fully inclusive level these amount to corrections of O(1%) but are reduced to the permille level after VBF cuts have been applied [11] .
• Loop induced interferences between VBF and gluon-fusion Higgs production. These contributions have been shown to be much below the permille level [36] .
Furthermore, for phenomenological applications, one also needs to consider NLO electroweak effects [10] , which amount to O(5%) of the total cross section. We leave a detailed study of non-factorisable and electroweak effects for future work. The code used for this calculation will be published in the near future [37] .
In this letter, we have presented the first N 3 LO calculation of a 2 → 3 hadron-collider process, made possible by the DIS-like factorisation of the process. This brings the precision of VBF Higgs production to the same formal accuracy as was recently achieved in the gluon-gluon fusion channel in the heavy top mass approximation [12] . The N 3 LO corrections are found to be tiny, 1 − 2 , and well within previous theoretical uncertainties, but they provide a large reduction of scale uncertainties, by a factor 5. This calculation also provides the first element towards a differential N 3 LO calculation for VBF Higgs production, which could be achieved through the projection-to-Born method [9] using a NNLO DIS 2+1 jet calculation [38] . To compute the dependence of the cross section on the values of the factorisation and renormalisation scales, we use renormalisation group methods [15, 16] on the structure functions
This requires us to compute the scale dependence to third order in the coefficient functions as well as in the PDFs. We start by evaluating the running coupling for α s
where we introduced the shorthand notation
as well as β 0 = (33 − 2n f )/12π and β 1 = (153 − 19n f )/24π 2 . The coefficient functions can thus be expressed as an expansion in α s (µ R )
To evaluate the dependence of the PDFs on the factorisation scale µ F , we integrate the DGLAP equation, using
It is then straightforward to express the PDF in terms of an expansion in α s (µ R ) evaluated at µ F . We have
Here we defined the expansion of the splitting functions as
where terms up to P (2) (z) are known [39, 40] . Equations (11) and (13) allow us to evaluate the convolution in equation (8) up to N 3 LO in perturbative QCD for any choice of the renormalisation and factorisation scales.
